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Abstract - In this paper, residue to binary conversion is
presented for the four moduli set{2n,2n—1,2n—2,2n—
3} sharing a common factor. A new and efficient converter for
the moduli set using multipliers, carry saves and modular
adders is proposed based on a cyclic jump approach. A
theoretical hardware implementation and comparison with a
state-of- the- art scheme showed that the proposed scheme
performed better. The 4- moduli set selected provides a larger
dynamic range which is needed for Digital Signal Processing
(DSP) applications [7].
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I. INTRODUCTION

Residue Number System (RNS) is an emerging area of
research. This is because of its suitability for the
implementation of high-speed digital signal processing
devices and its inherent parallelism, modularity, fault
tolerance and carry free propagation properties [9].

Arithmetic operations such as addition and multiplication
are performed more easily and efficiently in RNS than
conventional two’s complement number systems [8].The
traditional moduli set {2" + 1, 2", 2" — 1}, has been one
of the most popularly studied in RNS. The moduli set
{2n,2n — 1,2n — 2,2n — 3}which shares a common factor
of 2 between the first and third moduli has been used.

This moduli set is of study significance since it offers
consecutiveness and allows for equal width adders and
multipliers in hardware design which the traditional moduli
sets do not provide [7].

I1. FUNDAMENTALS OF RESIDUE NUMBER
SYSTEM

RNS is defined in terms of a set of relatively prime moduli
set {m; };=1, suchthat, the greatest common
divisor(ged) of (m;,m;) = 1for i+, whileM =

k_ my, is the dynamic range. The residues of a decimal
number X can be obtained as x; = |X|,,, thus X can be
represented in RNS as X = (1, x3, X3, ..., %), 0 < x; < m;.
This representation is unique for any integer X € [0, M —
1].  |Xl;n,is the modulo operation of X with respect to

m; [1],[5].

A. Chinese Remainder Theorem

The Chinese Remainder Theorem (CRT) can be used to
backward convert the residue digits (x;, x5, ..., x,) of the
moduli set {m;, m,, ..., m,} to its decimal number (X) as
follows; For a moduli set {m;};_; y with the dynamic range
M =[T*_, m;, the residue number (x;,x,,%;,...,xy) can
be converted into the decimal number X, according to the

CRT as;
N
Z & |kixi|mi
i=1 M

N
i=1

i=
fl. = mﬂl ; |kl X gilmi =1 [4]’[6]

X= 1)

Where,

B. Mixed Radix Conversion

The Mixed Radix Conversion (MRC) approach serves as an
alternative method to the CRT for performing reverse
conversion. However, this method does not involve the use
of the large modulo-M computation as is required by the
CRT. This method is used to perform ‘residue to binary
conversion of (xy,x,,x3) based on the moduli set
{m,m,, ...m3} as follows;

X = aq + a,mq + asmim, + a,mm,ms; ...mk_1(2)

Where a;;_ are the Mixed Radix Digits (MRDs) which
can be computed below as shown in [2],[3],[10];

a = Xq
a; = |(X2 - fv\1)|frl1_1|m2|m2

az = |((X3 - al)|m1_1|m3 - a2)|m2_1|m3|m3

a = |((Cxe = apImT? o, — az)Imz* |, —

- ak—1)|ml:11|mk|mk
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1. THE PROPOSED CONVERSION TECHNIQUE

A cyclic jump method is presented in this paper. The
technique employs an initial position being equal to the first
residue and then jumps to new locations until a final point is
reached. The various jumps are then summed when all
residues turn to zero, to arrive at the decimal number X.
This technique is an MRC based approach.

A. Jump Technique for the New 4- Moduli Set {2n, 2n —
1,2n —2,2n — 3}

1. Odd Case n Values

Given the general Moduli set {2n,2n — 1,2n — 2,2n — 3}
sharing a common factor 2 between the first and third
moduli, then for n = 3 being odd, the conversion process is
as shown;

For the particular case of n =3

Then {2n, 2n — 1,2n — 2,2n — 3} generates {6,5,4,3}

Given the moduli set {m;, m,, ms;,my} = {6,5,4,3} and a
decimal number X = 45 within the acceptable range, the
reverse conversion is as follows;

{my,m,, ms;,my} = {6,5,4,3} will produce the residue set
{rlr rZ; r31r4-} = {31()!1;0}

Applying the conversion technique, we proceed as follows;
Step 1: First jump (J;) is equal to ry
i.e ]1 =n = 3

First location after jump(J;)is givenas L; = X — J;

=45-3=42

lry = Jilmy = 7y

lry = Jilmy =1,

lrs = Jilmg =13

Ity = Jilmy =14
I3 =3l =10l = 0

_|lo-3ls=1-3l5=2
11=3ly=1-2[s=2
[0-3|3=1[-3[3=0

A|SOL1=T—]1=

where (ry,75,73,72) = (0,2,2,0)

Step 2: Second jump (J,) is defined by:

Jo =mik, and|r, — J,|m;, =0
|T'2' — m1k2|m2 =0

'

2 1

T 2 6 _
ko = [ ma = [2], =i, = [{], = 1215=2
]2 = m1k2 =62=12
The second location(L,) after the jump (J,) is given by;
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Iy — J2lmy = Tl]
lry = Jolmy =1,
I3 = J2lm3 = T3|
Ity = Jolmy =14

L2=7”—/1—/2=L1—]2=|

L2=L1—]2=42—12=30

[3—3l¢=10l¢= 0
_{10=3ls=]-3[s=2
|1=31, = |-2], = 2
o Ho=38l3=1-3l3=0
where (Tl,rz,r3,7"4) = (012;2;0)

Step 3: Third jump(J3) is given by:

J3 =mymykyand |ry — J3|m3 = 0
3

= |5 —mymyks|  =0,K; =

m3

mym;
|z
mim

]3 =mm, k3 =3 6.5.1 =30

2 2 _
|m3—|£4—|54—|1|4-1

Third Location (L3) after the jump /5 is given by;

Ly=r—h—L2—Jz= Lz -3
I = Jslmy =n
_ |, — J3lmy = 7'2
|5 — J3lms =7”3W

[ry — J3lmy = T4W
L;y=L,—]3=30—-30=0

|0—-30]g =10[¢= 0
_[10=30]|5 =[-30[s =0
~|12—30], =1-28],=0
[0 — 30|3 = |—30|3 =0
where ()", 7" 71 72") = (0,0,0,0)

Step 4: Fourth jump(J,) is given by:

Js =mymymyky and |1 — J4lmy = 0
Ty

= |T'4, — m1m2m3k4|m4 =0 ,K4 = my

mym;mg

%
3

Ky = |l ms = [z53], = 010
Js=mm,msk; =654.0=0

Fourth Location (L,) after the jump J, is given by:

AlsoLy,=r—J1—J;—J3—Js =L —Ja
|7 —Jalmy =7y
_ 1y = Jalmy =1,"
73 = Jalms = 13"

s —Jalmy = 13"
L4:L3_]4=0_0=0
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_[10—ols = ol = 0
|0—0|4=|0|4=0
J0-0[3=]0l3=0

[lO —0lg = 10]¢ = 0}

where (r;", 75", 13, 14) = (0,0,0,0)

The decimal number is computed as follows:
X=h+]+]3+]

X=34+12+304+0=45

The algorithm generates the decimal number used for the
residue for all numbers in a very fast manner for the moduli
set {2n,2n — 1,2n — 2,2n — 3}, given any odd n value.

2. Even Case n Values

Given the selected 4-Moduli set {2n,2n — 1,2n — 2,2n —
3} sharing a common factor 2 between the first and third
moduli, then for n > 3 being even, the conversion process
is as follows;

For the particular case of n = 10, then {2n,2n —
2,2n — 3} yields {20,19,18,17}.

1,2n —

Given the moduli set {m;,m,,ms,my} = {20,19,18,17}
and a decimal number X = 100 within the acceptable range,
the reverse conversion proceeds as follows;

{my, my, ms, my} = {20,19,18,17} produces the residue set
{Tl,rz, 7"3,1"4_} = {0,5,10,15}

Applying the conversion technique, gives;

Step 1: First jump (J;) is equal to ry.

iej=rn=0

First location after jump(J,)is given as;
Li=X—J, =100—-0 =100

I = Jilmy =1y
lry = Jilmy =1,
lrs — Jilms =13
Ity = Jilmy =1,

AISOL1=T—]1=

[0 —0l2 =10l = 0
_| 15=0lg=15l9= 5
|10 — 0|5 = [10];5 = 10
|15 — 0|47 = |15];; = 15
(0,5,10,15)

where (r1,73,73,73) =

Step 2: Second jump (J,) is defined by:

]2 = mlkz and|7'2, —]2|m2 =0 |7"2, — m1k2|m2 =0

= |z
kz_m 2_|2019
]2=m1k2—205—100

|51, = 1515=5

The second location(L,) after the jump (J,) is given by:
Ly=r=h1—-L=L—-]
L2=L1—]2=100—100=0

AlsoL,=r—J1 =], =L —];
[lr = J2lmy = 7]
_ Iry = Jolmy =1,
Ir3 = J2lmz =13
Iy — Jolmy =1y

_ [15=100];9 = |=95[;9 = 0
1110 — 10035 = [-90];5 = 0
|15 —100];7 = |-85];; = 0

where (r{,7,,75,7,) = (0,0,0,0)
Step 3: Third jump(J3) is given by:
—J3lmz =0

]3 =mm, k3 and |T'3”

5

= |r3”—m1m2k3|m3 =0,K; =

myma|,,

e e
mimal, ms 20.1914g

K3 =

= |0[,=0

]3 =mm, k3 =20.19.0=0

Third Location (L3) after the jump /5 is given by:

Ly=r—J1i—J,—J3=L,—J3
L;y=L,—]3=0—-0=0
AlsoL; =r—J1—J,—J3=L,—]3

Iry = J3lmy =71’
_ lry = J3lmy =1,
lrs —J3lmz =135
Ity —J3lmy =1

[10 = 0lz0 = 0|30 = 0]
_|10="0l1g =019 =0
|0 — 0[5 =10]15 =0
Lio - o0l7 = [0l;; = ol

where (11,3, 73, 14) = (0,0,0,0)
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Step 4: Fourth jump(J,) is given by;
Js = mymy my ky and |1, —]4|m4 =0

s
=, —mimymsk, =0,K, = |——
| 4 3 |m4 ’ mymyms

my

0
20.19.18

|, = 101,=0

K= -]

Js =mymymg ks = 20.19.18.0 =0

Fourth Location (L,) after the jump J, is given by:
Ly=r=h—Lh-5—Ji=L3—]4

Ly=L;—J,=0-0=0

Also,

|7 = Jalmy = 7’1
1y = Jalmy =1,"
s = Jalms = 13"
Ity = Jalmy =1"

Ly=r—L1—Lh—L—-Ja=Ll3—]4=

[0 —0[z =0l =0
- |0 —0]19 = 10|19 =0
|0 —0];g =101 =0
|0 — 0l =10l;7 =0

where (ry , 7y ,13 ,1 ) = (0,0,0,0)
The decimal number is computed as follows:

X=h+tL++]
X=0+100+0+0=100

Since the algorithm is able to get back the decimal number
which we used for the residue set for this case and several
others, then the conversion algorithm works well for the
conversion of the moduli set,{2n,2n — 1,2n — 2,2n — 3},
given any even n value.

1V. BINARY REPRESENTATION FOR THE
MODULI SET{2n,2n—1,2n — 2,2n — 3}

Given the moduli set {2n, 2n — 1,2n — 2,2n — 3}, its binary
representation is given as follows;

Step 1: First jump ( J;), which is equal to first residue r;. i.e
Ji=n
First location L, isdefindas L, =r — J;
1= (120 - T10)
2= (2203 - T2,1,T2,0)
3= (13202 - T3,1,73,0)
1= (Ma2n—1 - 72,1, a,0)
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1]

[lrl _]1|m1
ThusL,=r—], = [h”z —Jilm,

]
|r5 — J1lms T3
Ity = Jilmy =1y

|(T1'4 ...Tl‘o) - (7"1'4 ...T1'0)|2n
_ |(7”2,2n—2 wTa1,T20) = (T4 ---7”1,0)|2n_1
|(7"3,2n—1 ---7”3,1,7”3,0) - (7”1,4 ---7"1,0)|2n_2
_|(T4,2n—1 ---7”4,1'7‘4,0) = (114 ---T1,0)|2n_3_
0000
|(r22n-2 - T21,720) + (s "'m)|2n—1
(201 131,730) + (g "'E)lm—z
(T2 2n—1 - Ta,1,720) + (a ---7‘1,0)|2n_3_
0000
_|"22n-3:T20
132n-2,130
Ta2n—1,T40
Step 2: Second jump ( J, ) is defined by:
Jo = mik, and|r, —J2lm, =0
. )
3|, —mikylym, =0 =k, =|—
ml,.

It is possible to continuously iterate the expression (*) by
repeatedly adding the modulus m, until such a time that
Iry = mykealm, =0

J2 =muky = 22ky=ky 2y 3, . kz0.00

= J22n, - J20

Location L, isgivenas: L,=r—J; —J, =L;_J,

|7y = Jolmy = 7’1
I, = Jolm, = T
|5 = Jolms = 3
Iy — J2lmy =7y

Ly=r—L1—-,=L_J;=

’

0000
|(ra2n—3 121, 720) = Uz2ms - J20)l, 4
- |(7”3,2n—2 ~T31730) = Uz2m ---/2,0)|2n_2
|(ra2n-1 121, 720) = Uz.200 ---]2,0)|2n_3

0000

00...00

=||(r3.2n-1 - 731,730) — U220, ---]2,0)|2n_2
|(T4,2n—1 ---7’4,1'7'4,0) = Uz2n ---]2,0)|2n_3
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0000 [Irl — Jalm; = r{'"]

_ r’(’)o ...OrQ, _ {2 = Jalmz = 7’2|
3,2n-2:73,0 |5 — Jalms =13
T4,2n-1,13,0

|7y — Jalmy = 7’4””

Step 3: Third jump is defined by J; and this is given by; 0000

J3 = mymyks and s —J3lmz =0 3 |5 — |(Tz,2n—3 ---7”2,1;7"2,0) — (220 ---]2,0)|2n_1

mymykz|mz =0 - |(T3,2n—2 ---7‘3,1'7'3,0) = U220 ---]2,0)|2n_2

"

3 |(7”4,2n—1 ---T4,1»7”4.0) — U22n ---/2,0)|2n_3
K3 = mom, ms
0000
]3 =m1m2k3 = 222n— 1K3 — 88 83
=(2n—1).K35—1, - K300 U (razn—1 71 700) = U2.2n0 ---]z,o)|2n_3J
=2n—1.K3zn41, - K3 0000
=]3,4nl '--]3,0 00...00
00...00
Third Location (L3) after the jump J5 is given by: Taan-1,T50

where (r;", 75", 13,14 ) = (0,0,0,0)
|1y —J3lmy =n
[r, = J3lm; =1,

[|7‘3 —J5lms = 7’3J

Ity —Jslmg =1,

The binary number is computed as follows;
n-Ji-fo-J3 =L J3 =
X=r3.10+ 220 J20% J3an - J30t a2n,..040

4 bit (2n+1)bit
— —_—
0000 00...00 T1‘3 "'rl,O + 00...00]2'2,1,...]2'0 + #
|( ) | = (4n-3)bit 2n bit
Tan=3 = ToT20) = Uzans - J20)lyp 4 00...00/3,4n, - J30 + Ja2n-1, -+ Ja0
- |(T3'2n_2 131, 7"3'0) - (]len, ...]2‘0) |2n_2 2n bit (4n+1) bit (4n+1) bit
(4n+1)bit

|(ra2n-1 741, 720) — Uz.2ns ---]2,0)|2n_3
V. HARDWARE IMPLEMENTATION OF THE

[ 0000 1 PROPOSED SCHEME
00...00
- 00...00 ‘ The hardware implementation for the new 4- moduli set
|(T4,2n—1 T4,1,T4,o) — U220 ---]2,0)|2n_3 reverse converter based on the cyclic Jump Technique is
shown in figure 1.
0000 . s
_ | 00...00 m—
~ | 00..00
T42n-1,T3,0 [ ] ] :
Step 4: Fourth jump(J,) is given by: nee " .
" CFA madan,
]4 = m1m2 m3 k4 and |T4 _]4|m4 = 0 Iz =0
=|r" k| =0,K, = il
=Ty —MMmyM3iy my 0= p—— .
_ T4 _ 0 _ —
K4 - |m1m2m3|m4 - |20.19.18|4 - |0|4_0
J. = mym, ms ky = 20.19.18.0 = 0 | o e |
Fourth Location (L,) after the jump J, is given by: | L ‘ |
|
Ly=r—L1—L—1—Ja=Ls—]4 =

Also,Ly=r—J1—J,—J3—J,=L3 —
+ o=l =Js = 3= Ja Fig. 1 Architecture for the proposed cyclic jump method
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VI. CONCLUSION

The paper proposed a new converter for the special 4-
moduli set {2n,2n — 1,2n — 2,2n — 3}sharing a common
factor of 2. The proposed converter is very fast in
performing reverse conversions compared with the
converter presented in [9], as it generates the decimal value
in only four steps. The converter is best suited for DSP
applications requiring very large dynamic ranges.
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